In a recent experiment, half-quantized longitudinal conductance plateaus (HQCPs) of height
have been observed in quantum anomalous Hall (QAH) insulator/superconductor heterostructure transport measurements. It was predicted that these HQCPs are signatures of chiral Majorana edge states. The HQCPs are supposed to appear in the regimes where the Hall conductance σxy is quantized. However, experimentally, a pair of the HQCPs appear when the Hall conductance σxy is only 80% of the quantized value when dissipative channels appear in the bulk. The dissipative channels in the bulk are expected to induce Andreev reflections and ruin the HQCPs. In this work, we explain how domain walls can cause σxy to deviate from its quantized value and at the same time maintain the quantization of HQCPs. Our work supports the claim that the experimentally observed HQCPs are indeed caused by chiral Majorana modes in the QAH insulator/superconductor heterostructure.
Introduction.-Majorana fermions are antiparticles of themselves [1, 2] . In condensed matter systems, a pair of spatially separated Majorana fermions can appear as a zero energy fermionic excitation in topological superconductors [2] . Importantly, Majorana fermions obey nonAbelian statistics such that braiding Majorana fermions can change the total quantum state of the system [3] [4] [5] [6] [7] . As such, Majorana fermions can have potential applications in quantum computations and the search for Majorana fermions has become one of the most important subjects in condensed matter physics [8] [9] [10] [11] [12] [13] .
Tremendous progress has been made in the realization and detection of Majorana fermions in the past few years. It was first proposed that the vortex cores of superconducting surface states of topological insulators host Majorana fermions [14] . In a recent experiment, electron tunnelling into the vortex cores using spin polarized scanning tunnelling microscope showed spin dependent conductance [15] which can possibly be caused by spin filtering effects of Majorana fermions [16] [17] [18] [19] . Majorana fermions can also appear as end states of superconducting nanowires which possess Rashba type [20] [21] [22] [23] or Ising type [24] [25] [26] spin-orbit coupling. The Majorana fermions can induce zero bias conductance peaks (ZBCP) in tunnelling spectroscopy experiments [27, 28] and ZBCPs possibly associated with Majorana fermions have been observed in several experiments [29] [30] [31] [32] . However, there is an on-going debate in the origin of these ZBCPs.
In 2008, it was proposed by Qi et al. [33] that quantum anomalous Hall (QAH) insulators in proximity to an s-wave superconductor can become a topological superconductor, where a QAH phase can support topologically protected chiral fermionic edge states in the absence of an external magnetic field [34] [35] [36] . The QAH insulator/superconductor heterostructure can support two topological superconducting phases with Chern number N Chern equals to one or two respectively [33, [37] [38] [39] [40] . The N Chern = 2 superconducting phase is adiabatically connected and topologically equivalent to the QAH insulating phase where a single branch of chiral fermion edge state can be regarded as two branches of chiral Majorana edge states. On the other hand, the N Chern = 1 phase is a new topological phase which supports one single branch of Majorana fermions propagating at the edges of the sample. It was shown that the two topological superconducting phases with different N Chern have very different transport properties [38, 39] . Interestingly, it was predicted that the two-terminal conductance σ 12 of a QAH insulator, with a superconducting island in the middle (Fig.1a) , shows a quantized value at e 2 2h , given that the middle island is in the N Chern = 1 phase which supports chiral Majorana edge modes [37, 40] .
Experimentally, quantum anomalous Hall phase has been observed [41] in magnetic Cr doped Bi 2 Se 3 thin films as predicted previously [42] . Quantized Hall resistance ρ xy and almost zero longitudinal resistance ρ xx signifying dissipationless transport has been demonstrated in several recent experiments [43] [44] [45] [46] [47] [48] [49] . However, inducing superconductivity on a QAH insulator to realize the chiral superconducting topological phase is rather difficult as the proximity induced superconducting gap on this magnetic system has to be larger than the bulk gap of the QAH insulator.
Surprisingly, a recent experiment performed by He et al. [50] observed half-quantized conductance plateaus (HQCPs) with value e 2 2h in a two terminal conductance measurement for experimental set ups depicted in Fig.1a . The two-terminal longitudinal conductance σ 12 data of Ref. [50] is reproduced in Fig.1c . The normal state (without the superconducting island) Hall conductance σ xy data is shown in Fig.1c . The Hall conductance in the normal state is measured in a standard six-probe Hall bar geometry as depicted in Fig.1b .
The appearance of the HQCPs has been predicted previously [40] . Nevertheless, taking a closer look at the experimental data, there are two points worth investigating. Hall conductance σ xy is quantized [40] . However, from Fig.1c , it is evident that HQCP1 and HQCP1 of σ 12 appear where σ xy is only about 80% of e 2 /h. Deviation of σ xy from the quantized value indicates the presence of dissipative channels in the bulk. Usually, these dissipative channels can introduce extra Andreev reflection channels and ruin the quantization of the HQCPs. So, it is puzzling why the HQCPs are shifted to finite applied magnetic field regime where σ xy is not quantized.
Second, HQCP2 and HQCP2 in Fig.1c appear when σ xy is quantized, and near the trivial to QAH insulator transition points such that QAH bulk gap can be smaller than the induced superconducting gap. The observed locations of HQCP2 and HQCP2 are exactly the same as predicted theoretically [40] . However, HQCP2 and HQCP2 are not flat and change when the external magnetic field changes.
In this work, we focus on explaining why the HQCPs near zero external magnetic field is shifted to the regime where σ xy is not quantized. We demonstrate that the shifting of the HQCP1 and HQCP1 are due to the formation of short range domain walls which appear when the external magnetic field changes sign. We found that certain types of domain walls provide extra conducting channels which can give rise to finite value of longitudinal resistance ρ xx but keep the Hall resistance ρ xy quantized. This provides a mechanism to explain the experimental data in Ref. [50] (Fig.2a) . Due to the finite ρ xx , σ xy deviates from its quantized value even though the chiral edge states are intact. The chiral edge states and the chiral topological superconducting island give rise to HQCPs even when σ xy is only about 80% of its quantized value.
In the following, we first explain how the domain walls can introduce dissipative fermionic modes. Second, we explain how short-range domain walls can give rise to finite longitudinal resistance ρ xx but quantized Hall resistance ρ xy in six-terminal Hall bar measurements. This results in a deviation of σ xy from its quantized value. Third, we explain the experimental data by calculating the two-terminal conductance σ 12 in the presence of domain walls.
Conducting channels created by domain walls.-Several recent experiments demonstrated that Cr doped Bi 2 Se 3 thin films exhibit quantized Hall resistance ρ xy at zero magnetic field but finite longitudinal resistance ρ xx [43-45, 47, 49] . The experimental data from Ref. [45] are reproduced in Fig.2a . It is important to note that, when the external magnetic field switches sign, there is a range of magnetic fields in which ρ xx is finite but ρ xy is quantized. As explained in the next section, this is caused by the presence of domain walls which introduce dissipative conducting channels in the system without affecting the quantization of ρ xy . To understand the effect of domain walls, we first study the effective Hamiltonian describing a Cr doped Bi 2 Se 3 thin film [51] .
The effective Hamiltonian of the QAH insulator in real space can be written as:
Here,
T is a four component electron operator, where t and b label electrons from the top and bottom layers of the topological insulator surfaces respectively. ↑ and ↓ are the spin indices. The Pauli matrices σ x,y,z and τ y,z are defined in spin and layer space, respectively. v F is the Fermi velocity and m(k) = m 0 − 2m 1 (k 2 x +k 2 y ) describes the coupling between the top layer and bottom layer, while M z is the magnetization in z direction induced by the magnetic impurities [51] . For simplicity, we set v F = 1 and m 1 = 1. When M z > |m 0 |, the system is in the QAH phase with N Chern = 1. When M z changes sign, the Chern number changes sign as well. It is reasonable to expect domain walls to be formed when the external magnetic field changes sign and weaker than the coercive field. 
To study how conducting channels can be created by forming domain walls, we consider a strip of the QAH system parallel to the x-direction which has opposite magnetization direction compared to the rest of the bulk as depicted in Fig.2b . Further assuming periodic boundary conditions in the x-direction, the energy spectrum of the whole system is shown in Fig.2c . It is evident from Fig.2c (and schematically shown in Fig.2b ) that the middle domain wall creates double chiral fermionic edge modes at the domain wall boundary. Double chiral fermionic modes are expected because the domain wall has opposite Chern number than the bulk. Therefore, quite generally, domain walls introduce conducting channels in the system. These conducting channels are different from the quasi-helical modes discussed in Ref. [52] which are inherited from the band structure of the topological insulator thin film. Those quasi-helical modes are not affected by magnetic fields.
Quantized ρ xy and finite ρ xx -A standard six-terminal Hall bar geometry is depicted in Fig.1b . The Hall conductance is defined as ρ xy = (V 2 − V 6 )/I where I is the current that goes from the source with voltage V 1 to the drain with voltage V 4 . V i denotes the voltage of lead i defined in Fig.1c . According to the Landauer-Buttiker formula [53] ,
where I i is the current flowing out of lead i and T ik is the transmission coefficient from lead k to lead i. Using the tight-binding version of H ef f in Eq.1 [54], T ij can be calculated using the recursive Green's function method [55] , where
Here, the self-energy of the ith lead. Using the recursive Green's function method to calculate T ij allows us to calculate ρ xy and ρ xx even in the presence of complicated domain walls. In the uniform phase without domain walls, and when the system is in the QAH phase with N Chern = 1, by fixing I 1 = −I 4 and solving the Landauer-Buttiker formula, we have V 2 = V 3 = V 1 and V 4 = V 5 = V 6 . This gives ρ xy = (V 2 − V 6 )/I = h/e 2 and ρ xx = 0 as expected [40] . Equivalently, we have σ xy = ρ xy /(ρ 2 xy + ρ 2 xx ) = e 2 /h and σ xx = ρ xx /(ρ 2 xy + ρ 2 xx ) = 0 as shown in Fig.3e .
Interestingly, in Cr doped thin films, it was shown experimentally that there are regimes in which ρ xy is quantized at h/e 2 but ρ xx is finite as shown in Fig.2a [45] . This happens when the external magnetic field changes sign but is smaller than the coercive field. We expect domain walls to be created when the external magnetic field starts to flip the magnetization direction of the sample.
To be specific, we add a domain wall connecting Lead 3 and Lead 4 as shown in Fig.3a . As explained in the last section, we expect the domain wall to introduce double chiral channels going from Lead 3 to Lead 4 as shown in Fig.3a . Importantly, this domain wall also introduces a single chiral channel (the edge mode between the domain wall and the vacuum) which goes from Lead 4 to Lead 3. Due to the double chiral channel connecting Lead 3 to Lead 4, T 34 is changed from 1 to 2 in the LandauButtiker formula. On the other hand, T 43 is changed from 0 to 1 because of a chiral fermionic mode shown in Fig.3a . These changes of transmission coefficients T ij from physical arguments can easily be checked by numerical calculations as shown in Fig.3c .
To simulate the effects of the coercive field, we assume the magnetization of the bulk QAH insulator to be M z = M z − 0.18 in Figs.3c to 3e , where M z is linear proportional to the external magnetic field. Therefore, without domain walls, T 43 = 1 and T 34 = 0 when M z ≈ 0.1 in Fig.3c . This indicates that electrons propagate from Lead 3 to Lead 4 through a chiral fermionic mode (such that the current goes from Lead 4 to Lead 3). The magnetization of the domain wall in Figs.3c to 3e is set to be M z + 0.12. For large negative M z , both the domain wall and the bulk have N Chern = −1 and the domain wall has no significant effects. Near M z ≈ 0, the domain wall has opposite magnetization as the bulk. In this case, T 43 can reach about 2 ( due to the double chiral fermionic modes as shown Fig.3a) . At the same time, T 34 can increase from 0 to 1 (due to the chiral mode between the domain wall and vacuum as shown in Fig.3a) . Near M z = 0.2, the bulk is topologically trivial but the domain wall has N Chern = 1. Therefore, T 43 = T 34 = 1. For large and positive M z , the domain wall and the bulk has N Chern = 1. As a result, T 43 = 0 and T 34 = 1 as the chiral fermionic mode changes its propagation direction compared to the N Chern = −1 case with large negative M z . In the presence of DWs, the HQCP1 appears when σxy is not quantized as observed in the experiment. On the other hand, HQCP2 appear when σxy is quantized.
Due to the change in T ij near M z ≈ 0, the voltage in Lead 3 is lower than Lead 2. This results in finite ρ xx near M z ≈ 0 as shown in Fig.3d . It is important to note that ρ xy is still quantized at h/e 2 even though ρ xx is finite. This is one of the main results of this work which can explain the experimental observation in Ref. [45] .
Importantly, the details, such as the shape of the domain wall, are not important as long as conducting channels can be introduced connecting Lead 3 and Lead 4. Other domain walls, which are isolated in the bulk or connecting leads with the same voltages (such as Lead 5 and Lead 6), do not affect the transport of the system as discussed in the Supplementary Material [54] . Therefore, the situation studied in this section is quite general.
Half-quantized σ 12 .
-In proximity to an s-wave superconductor, QAH becomes a topological superconductor and the Bogoliubov-de Genne Hamiltonian can be written as
where the ∆ t and ∆ b are induced pairing potential of top and bottom layers, respectively and µ is the chemical potential. As explained in Refs. [33, 37, 38, 40] , when the condition ∆ t = −∆ b > |m 0 − M z | is satisfied, the QAH state is turned into a chiral topological superconductor with N Chern = 1 and a single branch of chiral Majorana modes. Since the QAH insulator is topologically equivalent to the chiral topological superconducting phase with N Chern = 2, there must be a chiral Majorana mode at the boundary between the QAH phase and the chiral topological superconducting phase with N Chern = 1 as depicted in Fig.1a . As a result, when a chiral fermionic mode of the QAH phase is injecting electrons into the N Chern = 1 chiral topological superconductor, the chiral fermionic mode is split into two branches of Majorana modes as shown in Fig.1a [37, 40] . One branch of the Majorana mode propagates through the N Chern = 1 chiral topological superconductor. Since Majorana modes are linear combinations of electrons and holes, this results in equal normal tunnelling and crossed Andreev reflection probabilities. The other branch of Majorana propagates along the interface between the QAH insulator and the chiral topological superconductor. This results in equal normal reflection and Andreev reflection probabilities. Therefore, the probability of all these processes are equal to 1/4 [37, 40] . When this happens, the twoterminal conductance σ 12 = (V 1 − V 2 )/I has a quantized value of e 2 2h [37, 40] . The experimental set up is depicted in Fig.1a and similarly in Fig.3b . The fixed probability of 1/4 for all the four tunnelling processes depends on the assumption that there are no other conducting channels in the bulk.
However, experimentally, the HQCPs appear when the Hall conductance σ xy is only about 80% of the quantized value and such a large shift to the non-quantized regime cannot be caused by finite temperature effects.. This is a rather surprising result. Non-quantized value of σ xy indicates the appearance of bulk states which can introduce extra transport channels and these channels can ruin the quantization of the HQCP.
To understand the experimental results, we note that σ xy = ρ xy /(ρ 2 xy +ρ 2 xx ). From Fig.3e , σ xy is not quantized if ρ xx is finite, even when ρ xy is quantized from Fig.3d . In the presence of domain walls as depicted in Fig.3a , the chiral edge states in most part of the sample are not affected by the domain wall. As a result, the two-terminal conductance σ 12 can still be quantized. To understand the quantization of σ 12 , we introduce pairing terms in the middle region of the QAH system as depicted in Fig.3b . The two terminal conductance σ 12 is calculated as a function of M z which is linearly proportional to the applied magnetic field both in the presence and in the absence of domain walls. The results are depicted in Fig.3e . It is clear that, in the absence of domain walls, the HQCPs have to appear when σ xy is quantized. However, in the presence of domain walls, HQCP1 appears when σ xy is not quantized as observed in the recent experiment [50] .
On the other hand, HQCP2 appears when σ xy is quantized and near the trivial insulator to QAH insulator transition point. This is because, at field strengths which are higher than the coersive field of about 150mT [50] , the whole system enter a single domain regime. Unfortunately, HQCP2 is not flat and its value depends on the magnetic field strength. This is another question which deserves further investigation.
Conclusion -In this work, we show that domain walls which induce dissipative channels can give rise to finite ρ xx but quantized ρ xy . These domain walls allow the HQCPs to appear in the regime where σ xy is non-quantized. Our work supports the claim that the experimentally found HQCPs are indeed due to chiral Majorana modes of the N Chern = 1 chiral topological superconductor as predicted in Ref. [40] .
